A path (cycle) in a graph G is called a hamiltonian path (cycle) of G if it contains every vertex of G. A graph is hamiltonian if it contains a hamiltonian cycle. A graph G is hamiltonian-connected if it contains a u-v hamiltonian path for each pair u, v of distinct vertices of G. A graph G is hamiltonian-connected from a vertex v of G if G contains a v-w hamiltonian path for each vertex vv^u. Considering only graphs of order at least 3, the class of graphs hamiltonian-connected from a vertex properly contains the class of hamiltonian-connected graphs and is properly contained in the class of hamiltonian graphs.
THEOREM A. If G is a non-hamiltonian graph of order p > 3 , then (i) |E(G)|=s 5(p 2 -3p + 4) and (ii) if equality holds in (i) then G is
Proof. If p = 3 the result is obvious; therefore assume p3=4. (i) Since G is not hamiltonian-connected from a vertex, it is not hamiltonianconnected and so, by Theorem B(i), |E(G)|^5(p 2 -3p + 6). If |E(G)| = Kp 2 -3p + 6) then, by Theorem B(ii), G is either K 6 -K 3 or, for p > 4 , K p -K l p _ 3 . But neither of these is possible since K 6 -K 2 is hamiltonian-connected from any of its vertices of degree 3 and K p -K x p_ 3 is hamiltonian-connected from the vertex at the centre of the K\, p _ 3 . Therefore, | E ( G ) |^( P 2 -3 P + 4).
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(ii) Now suppose that G has exactly 2"(p 2~3 p + 4) edges. If G is not hamiltonian then, by Theorem A(ii), G is either K 2 + K 3 or, for p 2*4, K 2 . Xp-i-From now on suppose that G is hamiltonian. If p = 4 then clearly G must be C 4 . Therefore, suppose ps=5 and that u,, u 2 , • • •, Up, Ui is a hamiltonian cycle of G. If G has a vertex, say u,, of degree p -1 then G is hamiltonian-connected from both v 2 and u D which is a contradiction. However, G must have a vertex of degree p -2 since, if it doesn't, then it has at most ^(p 2 -3p)< s(p 2 -3p + 4) edges. Suppose, without loss of generality, that deg(u!) = p -2 and that u, is the vertex not adjacent to Uj. If deg(u,)5=3 then it follows from Theorem C that G is hamiltonian-connected from at least 2 vertices which is a contradiction. Therefore, deg(u,) = 2 and we have Equality must hold throughout so that every vertex of G, except u,, has degree p -2 . In particular, deg(u,_,) = p -2 and if v k is the single vertex not adjacent to u,_! then, since k^j, deg(v k ) = p -2 . If 2 p -4 = deg(u J _ 1 ) + deg(u k )s=p + l then, by Theorem C, G is hamiltonian-connected from at least 2 vertices. Therefore, 2 p -4 < p + l, i.e. p < 5 . This is a contradiction which completes the proof.
